The CIIF, International Center for Financial Research, is an interdisciplinary center with an international outlook and a focus on teaching and research in finance. It was created at the beginning of 1992 to channel the financial research interests of a multidisciplinary group of professors at IESE Business School and has established itself as a nucleus of study within the School's activities.
Ten years on, our chief objectives remain the same:
• Find answers to the questions that confront the owners and managers of finance companies and the financial directors of all kinds of companies in the performance of their duties
• Develop new tools for financial management
• Study in depth the changes that occur in the market and their effects on the financial dimension of business activity
All of these activities are programmed and carried out with the support of our sponsoring companies. Apart from providing vital financial assistance, our sponsors also help to define the Center's research projects, ensuring their practical relevance.
In Section 2, the ten methods and nine theories are applied to an example. The nine theories are:
1) Fernández (2004) . Assumes that there are no leverage costs and that the risk of increases in debt is equal to the risk of the free cash flow.
2) Damodaran (1994) . To introduce leverage costs, Damodaran assumes that the relationship between the levered and unlevered beta is: ß L = ßu + D (1-T) ßu / E (instead of the relationship obtained in Fernández (2004) , ß L = ßu + D (1-T) (ßu -ßd) / E).
3) Practitioners' method. To introduce higher leverage costs, this method assumes that the relationship between the levered and unlevered beta is: ß L = ßu + D ßu / E. 4) Harris and Pringle (1985) and Ruback (1995) . These theories assume that the leveragedriven value creation or value of tax shields (VTS) is the present value of the tax shields (D Kd T) discounted at the required return on the unlevered equity (Ku). According to them, VTS = PV[D Kd T ; Ku].
5) Myers (1974) , who assumes that the value of tax shields (VTS) is the present value of the tax shields discounted at the required return on debt (Kd). According to Myers, VTS = PV[D Kd T ; Kd].
6) Miles and Ezzell (1980) . This theory states that the correct rate for discounting the tax shield (D Kd T) is Kd for the first year, and Ku for the following years.
7) Miller (1977) concludes that the leverage-driven value creation or value of the tax shields is zero.
8) With-cost-of leverage. This theory assumes that the cost of leverage is the present value of the interest differential that the company pays over the risk-free rate.
9) Modigliani and Miller (1963) calculate the value of tax shields by discounting the present value of the tax savings due to interest payments of a risk-free debt (T D R F ) at the risk-free rate (R F ). Modigliani and Miller claim that:
VTS = PV[R F ; DT R F ]
Appendix 1 gives a brief overview of the most significant theories on discounted cash flow valuation.
Appendix 2 contains the valuation equations according to these theories.
Appendix 3 shows how the valuation equations change if the debt's market value is not equal to its nominal value.
Appendix 4 contains a list of the abbreviations used in the paper.
Ten Discounted Cash Flow Methods for Valuing Companies
There are four basic methods for valuing companies by discounted cash flows:
Method 1. Using the free cash flow and the WACC (weighted average cost of capital).
Equation [1] indicates that the value of the debt (D) plus that of the shareholders' equity (E) is the present value of the expected free cash flows (FCF) that the company will generate, discounted at the weighted average cost of debt and shareholders' equity after tax (WACC): Ke is the required return on equity, Kd is the cost of the debt, and T is the effective tax rate applied to earnings. E t-1 + D t-1 are market values. In actual fact, "market values" are the values obtained when the valuation is performed using formula [1] . Consequently, the valuation is an iterative process: The free cash flows are discounted at the WACC to calculate the company's value (D+E), but in order to obtain the WACC we need to know the company's value (D+E).
Method 2. Using the expected equity cash flow (ECF) and the required return on equity (Ke).
Equation [3] indicates that the value of the equity (E) is the present value of the expected equity cash flows (ECF) discounted at the required return on equity (Ke).
[3] E 0 = PV 0 [Ke t ; ECF t ]
Equation [4] indicates that the value of the debt (D) is the present value of the expected debt cash flows (CFd) discounted at the required return on debt (Kd).
The expression that relates the FCF with the ECF is:
[5] ECF t = FCF t + ∆D t -I t (1 -T)
∆D t is the increase in debt, and I t is the interest paid by the company. It is obvious that CFd t = I t -∆D t . Obviously, the free cash flow is the hypothetical equity cash flow when the company has no debt. Arditti and Levy (1977) suggested that the firm's value could be calculated by discounting the capital cash flows instead of the free cash flow. The capital cash flows are the cash flows available for all holders of the company's securities, whether these be debt or shares, and are equivalent to the equity cash flow (ECF) plus the cash flow corresponding to the debt holders (CFd).
Equation [6] indicates that the value of the debt today (D) plus that of the shareholders' equity (E) is equal to the capital cash flow (CCF) discounted at the weighted average cost of debt and shareholders' equity before tax (WACC BT ).
[ [8] CCFt = ECFt + CFdt = ECFt -∆Dt + It = FCFt + It T ∆Dt = Dt -Dt-1; It = Dt-1 Kdt
Method 4. Adjusted present value (APV)
The adjusted present value (APV) in equation [9] indicates that the value of the debt (D) plus that of the shareholders' equity (E) is equal to the value of the unlevered company's shareholders' equity, Vu, plus the present value of the value of the tax shield (VTS):
We can see in Appendices 1 and 2 that there are several theories for calculating the VTS.
If Ku is the required return on equity in the debt-free company (also called the required return on assets), Vu is given by [10]:
[10] We can talk of a fifth method (using the business risk-adjusted free cash flow), although this is not actually a new method but is derived from the previous methods:
Method 5. Using the business risk-adjusted free cash flow and Ku (required return on assets).
Equation [11] indicates that the value of the debt (D) plus that of the shareholders' equity (E) is the present value of the expected business risk-adjusted free cash flows (FCF\\Ku) that will be generated by the company, discounted at the required return on assets (Ku): Equation [15] indicates that the value of the equity (E) is the equity's book value plus the present value of the expected economic profit (EP) discounted at the required return on equity (Ke).
[15] E 0 = Ebv 0 + PV 0 [Ke t ; EP t ]
The term economic profit (EP) is used to define the accounting net income or profit after tax (PAT) less the equity's book value (Ebv t-1 ) multiplied by the required return on equity.
[16] EP t = PAT t -Ke Ebv t-1
Method 8. Using the EVA (economic value added) and the WACC (weighted average cost of capital).
Equation [17] indicates that the value of the debt (D) plus that of the shareholders' equity (E) is the book value of the shareholders' equity and the debt (Ebv 0 + N 0 ) plus the present value of the expected EVA, discounted at the weighted average cost of capital (WACC):
The EVA (economic value added) is the NOPAT (net operating profit after tax) less the company's book value (D t-1 + Ebv t-1 ) multiplied by the weighted average cost of capital (WACC). The NOPAT is the profit of the unlevered company (debt-free).
[18] EVA t = NOPAT t -(D t-1 + Ebv t-1 )WACC t Method 9. Using the risk-free-adjusted free cash flows discounted at the risk-free rate Equation [19] indicates that the value of the debt (D) plus that of the shareholders' equity (E) is the present value of the expected risk-free-adjusted free cash flows (FCF\\ R F ) that will be generated by the company, discounted at the risk-free rate (R F ): We could also talk of an eleventh method; using the business risk-adjusted capital cash flow and Ku (required return on assets), but the business risk-adjusted capital cash flow is identical to the business risk-adjusted free cash flow (CCF\\Ku = FCF\\Ku). Therefore, this method would be identical to Method 5.
We could also talk of a twelfth method; using the risk-free-adjusted capital cash flow and R F (risk-free rate), but the risk-free-adjusted capital cash flow is identical to the risk-free-adjusted free cash flow (CCF\\R F = FCF\\R F ). Therefore, this method would be identical to Method 9.
2. An Example. Valuation of the Company Toro Inc.
The company Toro Inc. has the balance sheet and income statement forecasts for the next few years shown in Table 1 . After year 3, the balance sheet and the income statement are expected to grow at an annual rate of 2%. Using the balance sheet and income statement forecasts in Table 1 , we can readily obtain the cash flows given in Table 2 . Obviously, the cash flows grow at a rate of 2% after year 4. The unlevered beta (ßu) is 1. The risk-free rate is 6%. The cost of debt is 8%. The corporate tax rate is 35%. The market risk premium is 4%. Consequently, using the CAPM, the required return on assets is 10%, because Ku = R F + ßu P M = 6% + 4% = 10%. With these parameters, the valuation of this company's equity, using the above equations, is given in Table 3 . The required return on equity (Ke) appears in the second line of the table. The required return on equity (Ke) has been calculated according to Fernández (2004) (see Appendix 1). Equation [3] enables the value of the equity to be obtained by discounting the equity cash flows at the required return on equity (Ke). Likewise, equation [4] enables the value of the debt to be obtained by discounting the debt cash flows at the required return on debt (Kd). The value of the debt is equal to the nominal value (book value) given in Table 1 because we have considered that the required return on debt is equal to its cost (8%). Another way to calculate the value of the equity is using equation [1] . The present value of the free cash flows discounted at the WACC (equation [2] ) gives us the value of the company, which is the value of the debt plus that of the equity. By subtracting the value of the debt from this quantity, we obtain the value of the equity. Another way of calculating the value of the equity is using equation [6] . The present value of the capital cash flows discounted at the WACC BT (equation [7] ) gives us the value of the company, which is the value of the debt plus that of the equity. By subtracting the value of the debt from this quantity, we obtain the value of the equity. The fourth method for calculating the value of the equity is using the adjusted present value, equation [9] . The value of the company is the sum of the value of the unlevered company (equation [10] ) plus the present value of the value of the tax shield (VTS). As the required return on equity (Ke) has been calculated according to Fernández (2004) , we must also calculate the VTS accordingly: VTS = PV (Ku; D T Ku).
The business risk-adjusted equity cash flow and free cash flow (ECF\\Ku and FCF\\Ku) are also calculated using equations [14] and [12] . Equation [13] enables us to obtain the value of the equity by discounting the business risk-adjusted equity cash flows at the required return on assets (Ku). Another way to calculate the value of the equity is using equation [11] . The present value of the business risk-adjusted free cash flows discounted at the required return on assets (Ku) gives us the value of the company, which is the value of the debt plus that of the equity. By subtracting the value of the debt from this quantity, we obtain the value of the equity.
The economic profit (EP) is calculated using equation [16] . Equation [15] indicates that the value of the equity (E) is the equity's book value plus the present value of the expected economic profit (EP) discounted at the required return on equity (Ke).
The EVA (economic value added) is calculated using equation [18] . Equation [17] indicates that the equity value (E) is the present value of the expected EVA discounted at the weighted average cost of capital (WACC), plus the book value of the equity and the debt (Ebv 0 + N 0 ) minus the value of the debt (D).
The risk-free-adjusted equity cash flow and free cash flow (ECF\\R F and FCF\\R F ) are also calculated using equations [22] and [20] . Equation [21] enables us to obtain the value of the equity by discounting the risk-free-adjusted equity cash flows at the risk-free rate (R F ). Another way to calculate the value of the equity is using equation [19] . The present value of the riskfree-adjusted free cash flows discounted at the required return on assets (R F ) gives us the value of the company, which is the value of the debt plus that of the equity. By subtracting the value of the debt from this quantity, we obtain the value of the equity. Tables 4 to 11 contain the most salient results of the valuation performed on the company Toro Inc. according to Damodaran (1994) , Practitioners' method, Harris and Pringle (1985) , Myers (1974) , Ezzell (1980), Miller (1977) , With-cost-of-leverage theory, and Modigliani and Miller (1963) .
Table 4
Valuation of Toro Inc. According to Damodaran (1994) Table 6 Valuation of Toro Inc. According to Harris and Pringle (1985) , and Ruback (1995) Table 7 Valuation of Toro Inc. According to Myers (1974) Table 13 is the valuation of Toro Inc. if the growth after year 3 were 5.6% instead of 2%. Modigliani and Miller and Myers provide a required return on equity (Ke) lower than the required return on unlevered equity (Ku = 10%), which is an inconsistent result because it does not make any economic sense.
How Is the Company Valued when It Reports Losses in One or More Years?
In such cases, we must calculate the tax rate that the company will pay, and this is the rate that must be used to perform all the calculations. It is as if the tax rate were the rate obtained after subtracting the taxes that the company must pay.
Example. The company Campa S.A. reports a loss in year 1. The tax rate is 35%. In year 1, it will not pay any taxes as it has suffered losses amounting to 220 million. In year 2, it will pay corporate taxes amounting to 35% of that year's profit less the previous year's losses (350 -220) . The resulting tax is 45.5, that is, 13% of the EBT for year 2. Consequently, the effective tax rate is zero in year 1, 13% in year 2, and 35% in the other years.
Conclusion
The paper shows that the ten most commonly used methods for valuing companies by discounted cash flows always give the same value. This result is logical, since all the methods analyze the same reality under the same hypotheses; they differ only in the cash flows taken as the starting point for the valuation. The ten methods analyzed are:
1) Free cash flow discounted at the WACC;
2) Equity cash flows discounted at the required return on equity;
3) Capital cash flows discounted at the WACC before tax; 4) APV (adjusted present value);
5) The business's risk-adjusted free cash flows discounted at the required return on assets;
6) The business's risk-adjusted equity cash flows discounted at the required return on assets;
7) Economic profit discounted at the required return on equity; 8) EVA discounted at the WACC;
9) The risk-free rate-adjusted free cash flows discounted at the risk-free rate; and 10) The risk-free rate-adjusted equity cash flows discounted at the required return on assets.
The paper also analyses nine different theories on the calculation of the VTS, which implies nine different theories on the relationship between the levered and the unlevered beta, and nine different theories on the relationship between the required return on equity and the required return on assets. The nine theories analyzed are:
2) Modigliani and Miller (1963) The differences between the various theories on the valuation of the firm arise from the calculation of the value of the tax shields (VTS). Using a simple example, we show that Modigliani and Miller (1963) and Myers (1974) provide inconsistent results.
The paper contains the most important valuation equations according to these theories (Appendix 2) and also shows how the valuation equations change if the debt's market value is not equal to its book value (Appendix 3).
A Brief Overview of the Most Significant Papers on the Discounted Cash Flow Valuation of Firms
There is a considerable body of literature on the discounted cash flow valuation of firms. We will now discuss the most salient papers, concentrating particularly on those that propose different expressions for the present value of the tax savings due to the payment of interest or value of tax shields (VTS). The main problem with most papers is that they consider the value of tax shields (VTS) as the present value of the tax savings due to the payment of interest. Fernández (2004) argues that the value of tax shields (VTS) is the difference between two present values: the present value of taxes paid by the unlevered firm and the present value of taxes paid by the levered firm.
Modigliani and Miller (1958)
studied the effect of leverage on the firm's value. Their proposition 1 (1958, equation 3) states that, in the absence of taxes, the firm's value is independent of its debt, i.e.,
E is the equity value, D is the debt value, Vu is the value of the unlevered company, and T is the tax rate.
In the presence of taxes and for the case of a perpetuity, they calculate the value of tax shields (VTS) by discounting the present value of the tax savings due to interest payments on a riskfree debt (T D R F ) at the risk-free rate (R F ). Their first proposition, with taxes, is transformed into Modigliani and Miller (1963, page 436 ) equation 3:
DT is the value of tax shields (VTS) for perpetuity. This result is only correct for perpetuities. As Fernández (2004) demonstrates, discounting the tax savings due to interest payments on a risk-free debt at the risk-free rate provides inconsistent results for growing companies. We have seen this in Table 13 .
Myers (1974) introduced the APV (adjusted present value)
. According to Myers, the value of the levered firm is equal to the value of the firm with no debt (Vu) plus the present value of the tax saving due to the payment of interest (VTS). Myers proposes calculating the VTS by discounting the tax savings (D T Kd) at the cost of debt (Kd). The argument is that the risk of the tax saving arising from the use of debt is the same as the risk of the debt. Therefore, according to Myers (1974) :
Luehrman (1997) recommends valuing companies using the adjusted present value and calculates the VTS in the same way as Myers. This theory yields inconsistent results for growing companies, as shown in Fernández (2004) . Fernández (2006) shows that this theory yields consistent results only if the expected debt levels are fixed.
Miller (1977)
assumes no advantages of debt financing: "I argue that even in a world in which interest payments are fully deductible in computing corporate income taxes, the value of the firm, in equilibrium, will still be independent of its capital structure." According to Miller (1977) , the value of the firm is independent of its capital structure, that is,
Appendix 1 (continued)
debt is uncorrelated with the return on assets of the firm. We rather interpret equation [30] as an attempt to introduce some leverage costs into the valuation; for a given risk of the assets (ßu), by using equation [30] we obtain a higher ß L (and consequently a higher Ke and a lower equity value) than with equation [22] . Equation [30] appears in many finance books and is used by some consultants and investment banks.
Although Damodaran does not mention what the value of tax shields should be, his equation [30] relating the levered beta to the asset beta implies that the value of tax shields is:
Another way of calculating the levered beta with respect to the asset beta is the following:
We will call this method the Practitioners' method, because consultants and investment banks often use it (one of the many places where it appears is Ruback (1995, page 5)). It is obvious that according to this equation, given the same value for ßu, a higher ß L (and a higher Ke and a lower equity value) is obtained than according to [22] and [30] .
Notice that equation [32] is equal to equation [30] eliminating the (1-T) term. We interpret equation [32] as an attempt to introduce still higher leverage costs into the valuation; for a given risk of the assets (ßu), by using equation [32] we obtain a higher ß L (and consequently a higher Ke and a lower equity value) than with equation [30] .
Equation [32] relating the levered beta with the asset beta implies that the value of tax shields is: (2000) deal with the adjusted present value in their Appendix A. They only mention perpetuities and only propose two ways of calculating the VTS: Harris and Pringle (1985) and Myers (1974) . They conclude "we leave it to the reader's judgment to decide which approach best fits his or her situation." They also claim that "the finance literature does not provide a clear answer about which discount rate for the tax benefit of interest is theoretically correct." It is quite interesting to note that Copeland et al. (2000, page 483 ) only suggest Inselbag and Kaufold (1997) as additional reading on adjusted present value.
Copeland, Koller and Murrin
We will consider two additional theories to calculate the value of tax shields. We label these two theories Fernández (2004) (or No-costs-of-leverage) , and With-costs-of-leverage.
According to Fernández (2004) , the VTS is the present value of DTKu (not the interest tax shield) discounted at the unlevered cost of equity (Ku).
[ With-costs-of-leverage. This theory provides another way of quantifying the VTS:
One way of interpreting equation [35] is that the leverage costs (with respect to [34] ) are proportional to the amount of debt and to the difference between the required return on debt and the risk-free rate. This formula can be completed with another parameter ϕ that takes into account that the cost of leverage is not strictly proportional to debt. ϕ should be lower for small leverage and higher for high leverage. Fernández (2006) shows that only three of them may be correct:
-When the debt level is fixed, Modigliani-Miller or Myers apply , and the tax shields should be discounted at the required return on debt.
-If the leverage ratio is fixed at market value, then Miles-Ezzell applies.
-If the leverage ratio is fixed at book value, and the appropriate discount rate for the expected increases of debt is Ku, then Fernández (2004) 
* Valid only for growing perpetuities.
Relationships between cash flows: This appendix contains the expressions of the basic methods for valuing companies by discounted cash flows when the debt's market value (D) is not equal to its nominal value (N). If the debt's market value (D) is not equal to its nominal value (N), it is because the required return on debt (Kd) is different from the cost of the debt (r).
The interest paid in a period t is: I t = N t-1 r t The increase in debt in period t is: ∆N t = N t -N t-1 .
Consequently, the debt cash flow in period t is: CFd = I t -∆ N t = N t-1 r t -(N t -N t-1 ).
Consequently, the value of the debt at t=0 is:
It is easy to show that the relationship between the debt's market value (D) and its nominal value (N) is: The expression of the WACC in this case is:
[2*]
The expression relating the ECF to the FCF is:
[5*] ECF t = FCF t + (N t -N t-1 ) -Nt-1 rt (1 -T)
The expression relating the CCF to the ECF and the FCF is:
[8*] CCF t = ECF t + CFd t = ECF t -(N t -N t-1 ) + N t-1 r t = FCF t + N t-1 r t T 
